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Abstract. We derive identities for general flows of Riemannian metrics that 
may be regarded as local mean-value, monotonicity, or Lyapunov formulae. 
These generalize previous work of the first author for mean curvature flow and 
other nonlinear diffusions. Our results apply in particular to Ricci flow, where 
they yield a local monotone quantity directly analogous to Perelman's reduced 
volume V and a local identity related to Perelman's average energy J^. 



1. Introduction 

To motivate the local formulas we derive in this paper, consider the following 
simple but quite general strategy for finding monotone quantities in geometric flows, 
whose core idea is simply integration by parts. Let {M^,g{t)) be a smooth one- 
parameter family of complete Riemannian manifolds evolving for t € [a, b] by 

(1.1) |,.2.. 

Observe that the formal conjugate of the time-dependent heat operator ^ — A on 
the evolving manifold {M"-,g{t)) is -(^ A + tr^/i). Uip,tp : 7W" x [a, 6] M are 
smooth functions for which the divergence theorem is valid (e.g. if Al" is compact 
or if (fi and ip and their derivatives decay rapidly enough at infinity), one has ^ 

d f , , f . ,,,d d 



(1.2) - J^^ip^jdfi = j^Jij[{--A)ip]+ip[i- + A + tTgh)ij]}dfi. 

If (fi solves the heat equation and -0 solves the adjoint heat equation, it follows that 
the integral /_^„ tpip djjL is independent of time. More generally, if ~ a-i^d 
ip[{-§l + A -|- trg/i)i/)] both have the same sign, then J_^„ (pij} d^ will be monotone in 
t. If the product tpip is geometrically meaningful, this can yield useful results. Here 
are but a few examples. 

Example 1. The simplest example uses the heat equation on Euclidean space. Let 



(1.3) ^(^,i)^____e-^ {xeW\t<s) 

denote the backward heat kernel with singularity at (y, s) G M" x M. If tp solves the 
heat equation and neither it nor its derivatives grow too fast at infinity, then 

(p{y,s) — liai / ip{x,t)'i(j{x,t) dx. 



Here and throughout this paper, dfi denotes the volume form associated to g{t). 
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Because ^ Jju„ Lp{x,t)ijj{x,t)dx — 0, one has (p{y,s) — Jg„ ip{x,t)ip{x,t) dx for all 
y e M" and t < s, which illustrates the averaging property of the heat operator. 

Example 2. Let Ft : A^" ^ A^" C M"+^ be a one-parameter family of hyper- 
surfaces evolving by mean curvature flow, ^J^t — —Hv, where H is the mean 
curvature and v the outward unit normal of the hypersurface M". This corre- 
sponds to h = —HA in Hl.l|l . where A is the second fundamental form. Define ip 
by formula H1.3|l applied to x G M"+^ and t < s. Using tigh = ~H^, one calculates 
that 



(x - yY 



2{s-t) 



Hv 



Hence by (fT^ . 



dt 



d 

ipipdfi^ I [(— - A)if]ipdfi 



[x - y)^ 



Hv 



(pip dfj,. 



This is established for ip = 1 hy Huisken |2l)[ Theorem 3.1] and generalized by 
Huisken and the first author |S1 §1] to any smooth ip for which the integrals are 
finite and integration by parts is permissible. 

Hence Jj^„ ip d/x is monotone nonincreasing in time and is constant precisely 
on homothetically shrinking solutions. The monotonicity implies that the density 
0^'^^ :— MuityQ Jj^„ t^dfj, of the limit point O = (0,0) is well defined. Another 

consequence is that sup^™ ip < sup_A4„ 93 if — A)(^ < for i e [a,b]. 

Example 3. A compact Riemannian manifold {A4",g{t)) evolving by Ricci flow 
corresponds to ft, = — Rc in so that tr gh = —R. If ^ 



P : 



and 



^ = [r(2A/ - |V/|2 + R) + f-n\ (Attt) 



-n/2-f 



then Perelman's entropy may be written as W {g{t), f{t),T{t)) = Jj^„ pipdfi. 
dr/dt = -1 and + A)/ = jV/p -R-^, then 



If 



R)ij 



2|Rc+VV/-— 5|'(47rr) 



In this case, (|1.2|) becomes 
d. 



dt 



W{g{t)J{t),T{t)) 



2| Rc+VV/ - 



2t 



g\\A^T) 



-«/2p-/ 



which is formula (3.4) of |31| . In particular, W is monotone increasing and is 
constant precisely on compact shrinking gradient solitons. 

Example 4. Again for {Ai'^,g{t)) evolving smoothly by Ricci flow for t € [a, 5], 
let i denote Perelman's reduced distance ^SX, from an origin (y, h). Take p) = 1 and 
choose Ip = V iohe the reduced- volume density ^ 

1 



v{x^ t) 



[47r(6 - t)]"/2 



-l(x,b-t) 



{x e M\t< b). 



^Throughout this paper, V represents the spatial covariant derivative, and A = trg VV. 
''The formula used here and throughout this paper differs from Perelman's by the constant 
factor (47r)~"''^. This normalization is more convenient for our applications. 
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Then Perelman's reduced volume is given by V (t) = Jj^„ ipip dfj,. By §7], 
+ A — R)v > holds in the barrier sense, hence in the distributional sense.''' 
Thus one obtains monotonicity of the reduced volume if is compact or if its 
Ricci curvature is bounded. 

More generally, one gets monotonicity of Jj^n 'fi-'d^ for any nonnegative super- 
solution Lp of the heat equation. In particular, taking ip[x,t) — R(x,t) — i?min(0) 
on a compact manifold and noting that — A)ip > holds pointwise, one verifies 
that Jj^„ [R — i?min(0)]v is nondecreasing in time. 

In 12 , Feldman, Ilmanen, and the third author introduce an expanding en- 
tropy and a forward reduced volume for compact manifolds evolving by Ricci flow. 
Monotonicity of these quantities may also be derived from H1.2|l with (p = 1. 

Similar ideas play important roles in Perelman's proofs of differential Harnack 
estimates §9] and pseudolocality I3H §10]. 



The strategy of integration by parts can be adapted to yield local monotone 
quantities for geometric flows. We shall present a rigorous derivation in Sectional 
when we prove our main result. Theorem [3 Before doing so, however, we will 
explain the underlying motivations by a purely formal argument. Suppose for the 
purposes of this argument that Q — [Ja<t<b^t ^ smooth, precompact subset of 
A^" X [a, 6]. Assume that dflt is smooth with outward unit normal v, and let da 
denote the measure on dflt induced by g{t). If the product ipip vanishes on dfl, 
then 

(1.4) /^{^[(^ - + ^li§i + ^ + ^^9hm dp^dt 

I ipipdfi) dt+ [ {ip{\/'il:,v) -'(p{\/ip,v))dadt. 
dt .lut J J do. 



This formula may be regarded as a space-time analog of Green's second identity. 
In the special case that Q, is the super-level set {(x,i) : ip{x,t) > 0} and both 
and fib are empty, then = — |V'0|~^V'0, whence (11.411 reduces to 

(1.5) / {^p[{^-A)ip] + ip[{^ + A + tTgh)i;]}dfidt+[ ip\\7ij\dadt = 0. 



{ip>0} J{i'=o} 
Formula H1.5|l enables a strategy for the construction of local monotone quantities. 

Here is the strategy, again presented as a purely formal argument. Let ip and 
^' > be given. Define -0 — log 5", and for r > 0, let ?/'(r) ~ log(r"'I'). Take Vl to 
be the set Er defined for r > by 

(1.6) Er {{x, t) : *(x, t) > r""} = {(x, t) : V'm > 0}. 

(When 4" is a fundamental solution^ of a backward heat equation, the set Er is 
often called a 'heatball'.) Assume for the sake of this formal argument that the 
outward unit normal to the time shce Er{t) := iJ^n (A^" x {t}) is i/ = — |V'0|~-^Vi/'. 
Observing that 

(1.7) (^ + A)^ = vl/-i(_ + A + tvgh)^ - I VV^|2 - trgh 

^It is a standard fact that a suitable barrier inequality implies a distributional inequality. See 
HI for relevant definitions and a proof. A direct proof for v is found in [5S\ Lemma 1.12]. 
^See Section ISl below. 
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and applying the coarea formula to each time slice Er{t), followed by an integration 
in t, one obtains 

(1.8) / \\/M^<fdndt^- [ \\/^p\ipdadt. 

dr JEr- f JdE,. 

Similarly, one has 

(1.9a) I (tr gh)-)p(^r}^ dfi dt = [ {tTgh)[-^log{r'^^)]ipdfidt 

dr J J Er 

Tl f 

(1.9b) = - / {trgh)(pdndt, 

r JEr 

because the boundary integral vanishes in this case. Now by rearranging H1.5() and 
using H1.7|l - H1.9|l . one gets 

[(^ - A)^] + vp-i [(^ + A + tr./i)*]^} di, dt 
{\\7 ^pl'^ — [tr gh)ilj(^r)} ^d/idt — / Lp\\/il:\ da dt + / [tr gh)Lp d^j, dt 

JdEr J Er- 

r d f 

{ I V'i/'P — (trgft,)'0(r) } 95 'T' / {I'^ifil'^ ~ {trgh)^jj(^r)} 'fidfidt. 

n dr J Er 

Defining 

(1.10) P^^^(r) := / {|Vlog*|2- (trg/i)log(r"*)}(pd/xdt 

JEr 

and applying an integrating factor, one obtains the following formal identity. Since 
log(r"^) = ■(/'(•r) > in Er-, this identity produces a local monotone quantity 
whenever (^ — A)(^ and + A + ivgh)'^ have the same sign. 

Proto-theorem. Whenever the steps above can he rigorously justified and all in- 
tegrals in sight make sense, the identity 
(1.11) 

d ( Pip,^{r) 



- |log(r"*)(^-A)^ + vI/-i[(^ + A + tr,/i)vI/]^| dp^dt 



dr 

will hold in an appropriate sense. 

In spirit, (|l.ll|l is a parabolic analogue of the formula 

I "fi^) '^A ^ vi+T [ {r^-\x-y\^)Aifd^i, 

ar \r J\x-y\<r I ^r J\x-y\<r 

which for harmonic Lp (i.e. A(p = 0) leads to the classical local mean-value repre- 
sentation formulae 

"Piy) = [ fix) dfi = [ <f{x) da. 

^nr"- J\x-y\<r niV^r" J\x-y\=r 

The main result of this paper. Theorem is a rigorous version of the moti- 
vational proto-theorem above. We establish Theorem [7| in a sufficiently robust 
framework to provide new proofs of some classical mean-value formulae (Exam- 
plesEHHJ, to generate several new results (CoroUaries[ni[ini[lHl[iniEllEll23l and 
to permit generalizations for future applications. Our immediate original results are 
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organized as follows: in Section 0] we study Perelman's reduced volume for man- 
ifolds evolving by Ricci flow; in Sectional we consider Perelman's average energy 
for manifolds evolving by Ricci flow; and in Section we discuss heat kernels on 
evolving Riemannian manifolds (including fixed manifolds as an interesting special 
case). In |27j, the third author applies some of these results to obtain local regular- 
ity theorems for Ricci flow. Potential future generalizations that we have in mind 
concern varifold (Brakke) solutions of mean curvature flow, solutions of Ricci flow 
with surgery, and fundamental solutions in the context of 'weak' (Bakry-Emery) 
Ricci curvature, e.g. 

As noted above. Theorem [7| allows new proofs of several previously known local 
monotonicity formulae, all of which should be compared with (|1.11() . To wit: 

Example 5. Consider the Euchdean metric on A^" = R" with h = 0. If is 
the backwards heat kernel H1.3|) centered at {y, s) and the heatball Er = Er{y, s) is 
defined by H1.6|l . then H1.10|l becomes 

f \y-x\'^ 

Thus (|1.11() reduces to 

d(P^^^{r)\_ n f ,„„,„„,T,^/^ 



I _ |2 

Since i{s-ty^ dfidt — 1, this implies the mean value identity 

1 f \y - xl'^ 

(1.13) (p(y,s) = — / V'ix^t)jr — w^d^idt 

for all ip satisfying (^ — A)ip = 0. This localizes Example ^ 

To our knowledge, Pini '28l l29[ISn| was the first to prove (|1.13|l in the case n = 1. 
This was later generalized to n > 1 by Watson The general formula l|1.12|l 

appears in Evans-Gariepy [HI. There are many similar mean- value representation 
formulae for more general parabolic operators. For example, see Fabes-Garofalo 
[TDi and Garofalo-Lanconelli ||14,. (Also see Corollaries 1241 and 1271 below.) 

Example 6. Surface integrals over heatballs first appear in the work of Fulks |13j . 

who proves that a continuous function (p on M" x (a, b) satisfies 

, , 1 /■ , . ly — xP 

Lpiy.s) — — / (p{x,t) — da 
^" JdE^ V4|y - x\^{.s - tf + [\y - - 2n{s - t)^ 

for all sufficiently small r > if and only if (yS is a solution of the heat equation. 
(Compare to CoroUarv 1261 below. ) 

Example 7. Previous results of the flrst author 5 localize Example |2] for mean 
curvature flow. On M"+i x (-oo,0), deflne *(2;,<) := (-47ri)-"/2el^l'/4t. Sub- 
stitute + A -f tvgh)-^ = -|V^V + Hv\'^ and tr^/i = -iJ^ into (jnUI) and 
If the space-time track M = IJ^^qA^" of a solution to mean curvature 
flow is well defined in the cylinder -6(0, \/2nr^ j-K) x (— f^/47r, 0), then 5 proves 
that formula 1)1.11(1 . with the integrals taken over EtC\ M.^ holds in the distri- 
butional sense for any r e (0, r) and any ^ for which all integral expressions 
are finite. In particular, Pi^^{r)/r"' is monotone increasing in r. The density 
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6q^^ limt Jj^n ^(a;, t) dfu, of the limit point O — (0, 0) can thus be calculated 
locally by 

(Compare to Corollarvll8l below.) 

Related work of the first author for other nonlinear diffusions is found in [?]• 

Example 8. Perelman's scaled entropy W and the forward reduced volume 6*+ 
are localized by the third author |23 Propositions 5.2, 5.3, 5.4]. Although only 
stated there for Kahler-Ricci flow, these localizations remain valid for Ricci flow 
in general. They are motivated by the first author's work on mean curvature flow 
[Hj and arise from p.2|l by taking (/? to be a suitable cutoff function defined with 
respect to ri and rf+, respectively. 

The remainder of this paper is organized as follows. In Section [3 we rigor- 
ously derive Theorem [T] the general local monotonicity formula motivated by for- 
mula above. In Section |31 we derive a local gradient estimate for solutions 
of the conjugate heat equation. In Sections EHHl we apply this machinery to ob- 
tain new results in some special cases where our assumptions can be checked and 
in which simplifies and becomes more familiar. The Appendix (Section [71) 
reviews some relevant properties of Perelman's reduced distance and volume. 

Acknowledgments. K.E. was partially supported by SFB 647. D.K. was partially 
supported by NSF grants DMS-0511184, DMS-0505920, and a University of Texas 
Summer Research Assignment. L.N. was partially supported by NSF grants and an 
Alfred P. Sloan Fellowship. P.T. was partially supported by an EPSRC Advanced 
Research Fellowship. 

L.N. thanks both Professor Bennett Chow and Professor Peter Ebenfelt for bring- 
ing Watson's mean-value equality to his attention. This motivated him to study 
heatball constructions and in particular and [3 . He also thanks Professor Peter 
Li for many helpful discussions. 

2. The rigorous derivation 

Let —oo < a <b < oo, and let (Al",g(t)) be a smooth one-parameter family of 
complete Riemannian manifolds evolving by for t G [a,b]. As noted above, the 
formal conjugate of the heat operator ^ — A on {A4"',g(t)) is — (^ -I- A -I- tigh). 
For a S M, we adopt the standard notation [a]+ := max{a,0}. 

Let be a given positive function on Ai" x [a, b). As in Section^] it is convenient 
to work with 

(2.1) V:=log«' 
and the function defined for each ?' > by 

(2.2) ■ip(^r) "0 + nlogr. 

For r > 0, we define the space-time super-level set ('heatball') 

(2.3a) Er - {{x, t) e A^" X [a, 6) : * > r""} 

(2.3b) = {(x, <) e A^" X [a, b) : ^(,,) > 0}. 

We would like to allow ^ to blow up as we approach time < = 6; in particular, we 
have in mind various functions which have a singularity that agrees asymptotically 
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with a (backwards) heat kernel centered at some point in A^" at time t ~ b. 
(See Sections EUni) In this context, we make, for the moment, the following three 
assumptions about 5*. 

Assumption 1. The function ^I' is locally Lipschitz on x [a, s] for any s €E (a, b) . 

Assumption 2. There exists a compact subset fl C A^" such that ^! is bounded 
outside X [a, b). 

Assumption 3. There exists f > such that 

lim ( / l-iPldfi] =0 

\JEfn{M"x{s}) J 

and 

/ IVV'P d/idt < oo. 

Remark 4. By the continuity of from Assumption^ and its boundedness from 
Assumption we can be sure, after reducing f > if necessary, that 5* < f~" 
outside some compact subset of x (a, 6]. In particular, we then know that the 
super-level sets lie inside this compact subset for r G (0, r] . 

Remark 5. By Assumption\^and compactness of Ef, one has \ip\dfj,dt < oo. 

Remark 6. We make no direct assumptions about the regularity of the sets E^ 
themselves. 

Let If be an arbitrary smooth function on A1" x {a,b\. By Assumption O the 
quantity 

LI v </-^'^ 

lE-r 

is finite for r G (0, f]. Our main result is as follows: 



(2.4) P^ ^{r):^ [| - V(r) (trg/i)]^' ^A* 



Theorem 7. Suppose that {M.^^ , g{t)) is a smooth one-parameter family of complete 
Riemannian manifolds evolving by 1^1.1]) for t G [a, b], that ^ : A^" x [a, b) — > (0, oo) 
satisfies Assumptions 1-3, that f > is chosen according to Assumption\^ and 
Remark^ and that < tq < ri < f . 
// ^ is smooth and the function 



(|: + A + trg/i)* d^j ^ , ,^ ,,2 
— ^ ' = ^ + + |VV;p + tTgh 



belongs to L^{Ef), then 
(2.5) 



„+i L-(^ + + IVVI" + tTgh)ip - i^j + nlogr)(^ - Aip)] dfxdtdr. 

If instead, 'J is merely locally Lipschitz in the sense of Assumption^ and the 
inequality 
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holds in the distributional sense, and f > 0, then 



(2.6) -^--^<- ^ ii^ + nlogr)i^-A^)d^dtdr. 

Remark 8. If ip solves the heat equation and 5" solves the conjugate heat equation, 
then h2. 5}) implies that P^p^qf{r)/r" is independent ofr. See Example\^ (above) and 
Corollary \24\ (below). 

Proof of Theorem^ We begin by assuming that ^' is smooth. In the proof, we 
write P(-) = Pip,ii>(-). For most of the proof, we wiU work with a modified function, 
namely 

(2.7) P(r,5):=/ - i;^r)itrgh)]^d^idt, 

arising from restriction to the time interval [a, s], for some s G (a, 5). As a result, 
we will only be working on domains on which 5" and its derivatives are bounded, 
and the convergence of integrals will not be in doubt. A limit s b will be taken 
at the end. 

Let : R — > [0, 1] be a smooth function with the properties that C,{y) = for 
y < and Civ) ^ 0. Let Z : 'R ^ [0,oo) denote the primitive of C defined by 
^{y) — I-oo ^(^) should keep in mind that ^ can be made very close to 

the Heaviside function, in which case Z{y) will lie a little below [y] + . 

For r € (0, f] and s G (a, 6), we define 

(2.8) Q{r,s):= j [| VVI'C(V'w) - ^(V'w)(tr<,/i)](^ dt, 

J M^x [a,s\ 

which should be regarded as a perturbation of P(r, s), and will relieve us of some 
technical problems arising from the fact that we have no control on the regularity of 
Er- Note that C('0(r)) and Z('0(r)) have support in Ej.. Therefore, the convergence 
of the integrals is guaranteed. 

In the following computations, we suppress the dependence of Q on s and assume 
that each integral is over the space-time region Al" x [o, s] unless otherwise stated. 
One has 



(2.9) 



r"+i d 
n dr 



Q{r) 



= -Q'{r) - Qir) 
n 



[IVV'PC'(V'm) - Z'{^i;(,)){ivgh)]vd^ldt - Q[r) 
[|V^A|'C'(V'(r))]</'dMdi - j [(:{'4>(r)){trgh)]^dfidt 

[\y^\^C{^ir))]^d^ldt+ I [Z{^J^r)){tTgh)]^d^ldt. 



The first integral and the last integral in the last equality on the right-hand side 
require further attention. 
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For the first of these, we keep in mind that VV' = VV'(r) and compute 
(2.10) [[\V^/JfC'{^/J^r))]'pd^xdt 

(V^/',V(C(V(r))))<prfM'^i 

= - / [(AV')C(V'(r) )¥' + ( VV'(r) , V(^) C(V'(r) )] dt 

-(AV')C(^M)¥'+ (A'^)V'(r)C(V'(r)) + (VV',V^) ^lj(r)Cii'{r))]dfidt, 



the calculation being valid on each time slice. 

For the fourth integral, we compute that at each time t e (a, b), one has 



d 
di 



M"x{t} 



Zi^{r))^dfl = 



A^"x{t} 



Qjp dip 



dt 



the final term coming from differentiation of the volume form. Integrating over the 
time interval [a, s] and using the facts that Z' ~ C, and that Z{ip(^r}) — at t — a 
(which holds because 4'{r) < at t = a by Remark^, we find that 



(2.11) 



Z{->pi^^j){tTgh)ipdfidt ^ - I [C{i;(^r))-Q^^ + Z{tp(^r))-g^]dtJ-dt 



M"x{s} 



Z{lp(r))^dfl, 



where the integrals are still over Al" x [a, s] unless otherwise indicated. 
We now combine (|2.9|l with (|2.1U|) and H2.11|l to obtain 



(2.12) 



r"+i d 
n dr 



Q{r) 



dip 



dt 



{^V)fp{r)C{'>Pir))dfldt- 

(V7/^,V(^) ^^r)C{i^ir))d^ldt 



dt 



Z(^(,.)) dfi dt 



M'^x{s} 



Z{->P{r))'^dlJ.. 



The entire identity may now be multiplied by n/r^^^^ and integrated with respect 
to r between tq and ri, where < rg < ri < ^, to get an identity for the quantity 
Q(ri,s)/r5^-Q(ro,s)/rn". 

We may simplify the resulting expression by picking an appropriate sequence of 
valid functions C and passing to the limit. Precisely, we pick a smooth Ci : R ^ [0, 1] 
with the properties that C,i{y) = Q iov y < 1/2, C,i{y) = 1 for y > 1, and Ci(2/) > 0. 
Then we define a sequence Cfc : [0, 1] by Cfc(?/) = Ci(2'^~^?/)- As k increases, 

this sequence increases pointwise to the characteristic function of (0, c»). The 
corresponding Z]^ converge uniformly to the function y i— > [y] + - Crucially, we also 
can make use of the facts that (V'(r) ) converges to the characteristic function of 
Er in L^{Ai^ X [a, b]) and that i'{r)C,'k{i'{r)) is a bounded sequence of functions on 
Al" X [a, b) with disjoint supports for each k. Indeed, the support of lies within 
the interval (2"''', 2^"'''). 
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For each r e (0, r], we have Q{r, s) — > F(r, s) as fc — > oo. Usmg the dominated 
convergence theorem, our expression becomes 

(2.13) 

P(ri,s) P(ro,s) 



c)ib 

{^ + A^/j+\\/t{j\^+tTgh)(pdndtdr 

" + ■lE,.n{M"x[a.s]) dt 



/ ^IZT / ^(r){^ - Aip)dfidtdr 



Ern(M"x[a,s]) 

[ip(r)] + 'pdfidr. 



Iro ' JM'^x{s} 

Now we may take the hmit as s /" 5. By Assumption |21 the final term converges 
to zero, and we end up with l|2.5fl as desired. 

Next we turn to the case that ■0 is merely Lipschitz, in the sense of Assumption^ 
Given s € (a, b) and functions C, and Z as above, there exists a sequence of smooth 
functions ipj on A^" x [a, b] such that t/ij ip va both W^'"^ and on the set 
Ef n (Al" X [a. s]). By hypothesis on our Lipschitz -0, we have 

/:= / -(^ + AV'+|Vi^P+trg/i)C(V'(r))'^dM'^^ <0, 

JA1"x[a,s] Ot 

where we make sense of the Laplacian term via integration by parts, namely 



-{A^)aiJir))vd^ldt := y [(V^,V(^)C(0M) + |VV'|'C'(^(r))^]rfM'^i- 
By definition of Tpj , we have 

hm / _ _ -(^ + AV^, + IV^Z-jf + lYgh)C{{^J)(^r)Wd^ldt = / < 0, 



uniformly in r G (0,r]. Consequently, we may carry out the same calculations 
that we did in the first part of the proof to obtain an inequality for the quantity 
(5(ri, s)/r" — (5(ro, s)/rg , with ipj in place of ?/'• We then pass to the limit as j ^ c» 
to obtain the inequality 

(2-14) ^^-^^< f - iA^)^irmr)) d^dtdr 



M'^x [a,s] 

/ ^Z(V'(.))rf/ididr 

(VV', V(y9) ip(r)Ci4'{r)) d^i dt dr 





n 






'ro 




j 


X [a.s] 


r 


n 


j 










x{s} 



Z(V'(r))<y5 d/i dr 

for our Lipschitz -0. Finally, we replace ^ with the same sequence of cut-off functions 
Cfc that we used before (thus approximating the Heaviside function), take the limit 
as fc ^ oo, and then take the limit as s /* 6. This gives the inequality 1)2. 6|l . □ 
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The argument above may be compared to proofs of earlier results, especially the 
proof 5 of the local monotonicity formula for mean curvature flow. 

There is an alternative formula for p. 4(1 that we find useful in the sequel: 

Lemma 9. Suppose that [M^^ , g(t)) is a smooth one-parameter family of complete 
Riemannian manifolds evolving by for t G [a, b], that ^ : Ai" x [a, b) —>■ (0, oo) 
satisfies Assumptions 1-3, that f > is determined by Assumption\^and Remark^ 
and that < tq < ri < f. 

If(p = l and ^ + |V-0p e L^{Ef), then for all r e (0,f], one has 




Proof. In the case that <f = 1, substituting formula H2.11|l into formula (|2.8|) yields 
Q{r,s)= f {^ + \V^^^\^)C{^(r))d^ldt- f ^(V'm)^/^- 

Although (|2.11|l was derived assuming smoothness of ip, one can verify that it holds 
for locally Lipschitz ^' satisfying Assumption ^ by approximating tp by a sequence 
of smooth Tpj (as in the proof of Theorem[7|l and then passing to the limit as j —> oo. 
Then if ^ + IVV'P € L^{Ef), one may (again as in the proof of Theorem[7I) choose 
a sequence Ck along which Q{r, s) — > P{r, s) as fc — + cxd and then let s b to obtain 
the stated formula. □ 



3. A LOCAL GRADIENT ESTIMATE 

In order to apply Theorem |3 to a fundamental solution of the heat equation of 
an evolving manifold in Sectional we need a local gradient estimate. One approach 
would be to adapt existing theory of local heat kernel asymptotics. Instead, we 
prove a more general result which may be of independent interest. Compare jl7j . 
[221, El, the recent [SI, and [SniEZI- 

Let (Al", g{t)) be a smooth one-parameter family of complete Riemannian man- 
ifolds evolving by for t £ [0,t\. We shall abuse notation by writing ^(t) to 
mean g{T{t)), where 

T{t) := t~ t. 

In the remainder of this section, we state our results solely in terms of t. In 
particular, (/(r) satisfies -^g = —2h on A^" x [0,t\. 
Given x £ Ai" and p > 0, define 

(3.1) 0(p):= U (i?,(,)(x,p)x{T})cA(«x[0,i]. 

0<T<f 

We now prove a local a priori estimate for bounded positive solutions of the con- 
jugate heat equation 

(3.2) " ^ " = 
We will apply this in Section [HI 
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Theorem 10. Let {M"',g{T)) be a smooth one-parameter family of complete Rie- 
mannian manifolds evolving by -^g — — 2/i for < t < i. Assume there exist 
ki,k2,k^ > such that 

h < kig, Rc > — fc25, and |V(trgft,)| < 

in the space-time region Q{2p) given by i)^. Assume further that v{t) solves ij^.jj)) 
and satisfies < v < A in n{2p). 

Then there exist a constant Ci depending only on n and an absolute constant C2 
such that at all {x,t) e ^{p), one has 



\Vv\' 



< (1 + log-) 



- + Cxki + 2/22 + fcs + \fhi 

T 



Ciy/k^pcoth{y/k^p) + C'2 



Proof. By scaling, we may assume that A—\. We define ^ 
/:=logu and w := | V log(l - 

computing that 

(|--A)/=|V/p + (tr,/i). 
Then using Bochner-Weitzenbock, we calculate that 

(|--A)|V/|2 = 2;.(V/,V/)-2Rc(V/,V/)-2|VV/|2 + 2(V(tr,/.+ |V/n,V/) 
and 



/ 5 AN 1 



_ [2/i(V/, V/) - 2 Rc(V/, V/) + 2 (V(trg/^), V/)] 



(1-/)' 



|VV/|^ 



(V|V/|2,V/) , |V/|^ 



,(ti,;i)|v/p + |v/|^ 



1-/ 



2/ 



(1-/)^ 

(V|V/|2,V/) 



(1-/)^ ' 

Rewriting some factors (V|V/p,V/) in terms of (Vw.yf), we obtain 



/ 5 AN 1 



2 ,2/i(V/, V/) - 2 Rc(V/, V/) + 2 (VK/i), V/)] 



|VV/|^ 



(V|V/|2,V/) , |V/|^ 



,(tr,;i)|V/p-|V/|^ 



1-/ 



(Vu;,V/). 



1-/ 

Now let ri{s) be a smooth nonnegative cutoff function such that ri{s) — 1 when 
s < 1 and r/(s) = when s > 2, with 77' < 0, |?7'| < C2, (77')^ < and 77" > -C2. 
Define 



u{x, t) :— T] 



Then we have 



u ~ p^ 



^Note that w is used by Souplet-Zhang 1331 Theorem 1.1] in generaUzing Hamilton's result 
|17|. A similar function is employed by Yau |36|. Also see related work of the third author ,26', . 
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and 



and 



-Au < 



OT 



These inequalities hold in the barrier sense. However, when applying the maximum 
principle, Calabi's trick lets us pretend that u is actually smooth. 
Now let G := uw and compute that 



(^-A)(rG) = G + ™ 



- 2t (Vu, Vw) . 



For any n > 0, consider rG on A^" x [0, ri]. At any point {xq, tq) where tG attains 
its maximum on x [0, n], we have < — A)(tG) and 

- A)(tG) < G - 2r (Vu, Vw) 



+ 2tu 
+ 2tu 

+ TW 



h{Wf,Wf) - ^{Vf,Vf) + ( V(trg/i),V/) ^ (tr,/i)|V/|2 



-/ 



(V«;,V/)- 



(1-/)^ 

|V/|4 



^, , GiVfci'pcoth(Vfci'p) + G2 
H 5 



Using the fact that VG(a;o,to) = 0, we can replace uWw by —wWu above. Then 
multiplying both sides of the inequality by u e [0, 1] and using 1/(1 — /) < 1, we 
obtain 

< G + 2t {[(n + l)fci + k2\G + fcsV^} 
+ 2rG| Vu| I V/l (^7—^) - 2r(l - f)G'^ 

+ TG[c2ki + 



1-./ 

GiA/fc^pcoth(V^p) + G2 



Noticing that 2fc3\/G < fc3(G + 1) and that 

-/ 



f 

<r{l-f)G^+TG 



2rG\Wu\ m\[Y^f)^rG^L^u+L_^^^ 

C2 P 



we estimate at {xQ,to) that 

Gifci+2fc2 + A;3 + 
+ rG::^^-T(l-/)G2. 



< rfcs + G 1 1 + T 

.C2 f 



1-/' 

Gi-\/fc2PCOth(-\/fc2p) + G2 
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Dividing both sides by r(l — /) while noting that 1/(1 — /) < 1 and —//(I — /) < 1, 
we get 



< fca + G 



- + Cifci + 2fc2 + fcs H 5 

r 



from which we can conclude that 



1 



G<- + Cih + 2fc2 + ^3 

T 



GlV^/Ocoth(^/I^p) + C'2 
? 



at (a;o,To). Hence W{ti) :— ti sup^^g^^^^^^^^p-^ w{x,ti) may be estimated by 

W{ti) <TQGixo,To) 



< l+T-o 



< 1 + ri 



Cifci + 2fc2 



Cifci + 2fc2 + ks 



p- 

GiVfc2pcoth(Vfep) + G2 



Since ti > was arbitrary, the result follows. 
Remark 11. In the special case that h = 0, we have 



\Vv\' 



<{i+\og-r 



1 



2k2 



Ci\/%pcoth{y/k^p) + C2 



□ 



at {x,t), for all times re [0, f] and points x £ Bg(^T^{x, p), which slightly improves 
a result of . 



4. Reduced volume for Ricci flow 

Our first application of Theoremdis to Ricci flow. Let {A4^\g{t)) be a complete 
solution of Ricci flow that remains smooth for < t < <. This corresponds to 



Rc and tr gh 



-R in ((TTJ. 



4.1. Localizing Perelman's reduced volume. Perelman §7] has discovered 
a remarkable quantity that may be regarded as a kind of parabolic distance for Ricci 
flow. Define r(t) := i—t, noting that g{T{t)) then satisfies -^g = 2Rc for < t <i. 
Fix X £ and regard {x,0) (in (x,r) coordinates) as a space-time origin. The 
space-time action of a smooth path 7 with 7(0) — (a;,0) and 7(r) = {x,t) is 



(4.1a) 



(4.1b) 



£(7) := 



^[ + da 

da 



Taking the infimum over all such paths, Perelman defines the reduced distance from 
{x,0) to {x,t) as 



(4.2) 

and observes that 

(4.3) v{x,t) ^ V(^s.o){x,t) 



1 



i{x, t) = ^(g.o) (x, t) := —= inf £(7), 

7 



(47rT)«/2 



-1{x,t) 
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is a subsolution of the conjugate heat equation Ur = Au — Ru in the barrier sense 
pij . hence in the distributional sense/ It foUows that the reduced volume (essen- 
tially a Gaussian weighted volume) 

(4.4) l>(i) = V(s.o)(i):= / v{x,T)dii 

is a monotonically increasing function of t which is constant precisely on shrinking 
gradient solitons. (Compare to Example 01 above.) 

The interpretations of£ as parabolic distance and V as Gaussian weighted volume 
are elucidated by the following examples. 

Example 9. Let (A^",^) be a Riemannian manifold of nonnegative Ricci curva- 
ture, and let q be any smooth superharmonic function {Aq < 0). In their seminal 
paper Li and Yau define 

p{x, r) = inf I ^ I ^ |2 da + r £ qi^ia)) daj , 

where the infimum is taken over all smooth paths from an origin {x,0). As a 
special case of their more general results [221 Theorem 4.3], they observe that 
(47rT)~"/^e~'''^^''^) is a distributional subsolution of the linear parabolic equation 
{-§^-A + q)u^Q. 

Example 10. Let (R",^) denote Euclidean space with its standard flat metric. 
Given A G M, define X = grad(^|xp|). Then one has = Rc = A5 — Cxg- Hence 
there is a Ricci soliton structure on Euclidean space, called the Gaussian soliton. 

Take A = 1 to give (R", 5) the structure of a gradient shrinking soliton. Then 
7(17) = \/ o It X is an £-geodesic from (0, 0) to (x, r). Thus the reduced distance is 
^(0,0) (a;, t) = |a;p/4r and the reduced volume integrand is exactly the heat kernel 
^^(o,o)(^,t) ^ (47rr)-"/2e-l"l'/4-. Hence V^oM){t) = 1- (Compare El §15]-) 

Example 11. Let '5'"(^) denote the round sphere of radius r(T) — \/2{n — 1)t. This 
is a positive Einstein manifold, hence a homothetically shrinking (in t) solution of 
Ricci flow. Along any sequence (x^, r^.) of smooth origins approaching the singular- 
ity O at T = 0, one gets a smooth function £a{x,T) := lim;j_>oo ^(xfc.Tt) (2;, t) = n/2 
measuring the reduced distance from O. Hence Vo{t) = [{n - 1) / {2ne)]''^^ Vo\{S{') 
for aU t < 0. 

Our first application of Theorem [3 is where ^' is Perelman's reduced- volume 
density v (|4.3|) . Let £ denote the reduced distance (|4.2|l from a smooth origin {x,t) 
and assume there exists k € (0,oo) such that Rc > —kg on x [0,t\. In what 
follows, we will freely use results from the Appendix (Section [71 below). 

Lemma [^Hl guarantees that £ is locally Lipschitz, hence that Assumption is 
satisfied. (Also see [21] or ^.) The estimate in Part (1) of Lemma [2H1 ensures 
that Assumption [21 is satisfied. Assumption [31 follows from combining that es- 
timate, Corollary [221 and Lemma 0U1 Here we may take any f > satisfying 

< min{i/c, 47r}, where c = e'**^*/'^/(47r). So for r S (0,r], consider 

P<p,„(r) / [\V£\^ + R{n\og^=-£)]^d^idt. 
J Ey V 47rT 



^See 1381 for a direct proof of the distributional inequality. 
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Notice that |V^p replaces the term '^^^^i in the heatbaU formulas for Euclidean 
space and solutions of mean curvature flow. See Examples |5l and |3 respectively. 

Remark 12. For r G (0,r], one may write Pi,t,(r) in either alternative form 

(4.5a) P^ ^{r)^ ( + ^ + | y^p) d/i 

Je,. 

(4.5b) (|._ 1^-3/2^) d^di. 

Here IC{x,t) = a^^^T-C{d'y /da) da is computed along a minimizing C-geodesic 7, 
wheren{X) = 2 Rc(X, X)- (i?^ + 2 {VR,X) + R/t) is Hamilton's traced differential 
Harnack expression. 

If R > and ip > on Ef, then for all r G (0, f], one has 



(4.6) P^„{r)^ [\Ve\'' + Rip(^r)]^dndt> \Ve\^ipdfidt > 0. 

JEr J Er 

If {Ad^ ,g{0)) has nonnegative curvature operator and r^ < 47rt(l — 1/C) for 
some C > 1, then for all r G (0, f], 

(4.7) PiAr)< I ^^^^±^df,dt. 



Proof. By Part (2) of Lemma 1^ the arguments of Lemma ^U] apply to show that 
ipt + IVV-P = 57 + 4 + |V^p G L^{Ef). Hence LemmalHand identities (7.5) and 
(7.6) of 22 imply formulae (|4.5() . 

Since > in ii^^, the inequalities in (j4.6|l are clear. 

If (A^", (7(0)) has nonnegative curvature operator, Hamilton's traced differential 
Harnack inequality ^H] implies that 

n&>-Ri'-+')^'^ 

da a t — a t ~ a a 

along a minimizing £- geodesic 7. Hence 

:r-3/2/c<^ _/ ^(R + da - 



2 t ~ T 2 Jq da t — T T 

By Lemma I5T1 one has r < r'^/in, which gives estimate (|4.7f) . □ 



Our main result in this section is as follows. Recall that ?/'(r) := n log( ^^^^ ) — 

Corollary 13. Let (M'^,g{t)) be a complete solution of Ricci flow that remains 
smooth for < t < i and satisfies Rc > —kg. Let ip be any smooth nonnega- 
tive function of {x,t) and let c = e^'^*/^/(47r). Then whenever < ro < ri < 
imn{ ^/tjc, 2 y^}, one has 

(4-8) —^i -^<- -7+1/ ^(r){jj7-^v)dlidtdr. 

'1 '0 Jro ' J Er '^'^ 

Furthermore, 

(4.9) (/,(a;,t) = lim ^'^^"^'^^ 



r\,0 r" 
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In particular, 

(4.10) ip{x,t) >^-^^+ ^ i^^r)[{^^-A)cp]d^,dtdr. 

Proof. The quantity = v satisfies ^ + Av — Rv > as a distribution. (This 
is imphed by Perelman's barrier inequahty 'ST, (7.13)]; see Lemma 1.12] for a 
direct proof.) Hence we may apply Theorem [7| in the form H2.6|l to obtain (|4.8() . 
Formula (7.6) of Perelman |3J implies that 

By Corollary|211 there is a precompact neighborhood U oi x with Er <^U x [0, cr^] 
for all r > under consideration. By Lemma Osl there exists a precompact set 
V such that the images of all minimizing £-geodesics from (a;, 0) to points in U x 
[0, cr^] are contained in the set V x [0, cr^], in which one has uniform bounds on all 

curvatures and their derivatives. So by Lemma 051 one has | — '^"j^^.f^ +0{^) and 
= i?(nlog -i)^ Cl(i) as r \ 0. By CoroUaryEH r-^/^/C is also 0(i) 
as T \ 0. Adapting the arguments in the proof of Lemma EOl one concludes that 

lim '^'"^ = lim i — / ^ (pdudt\ — ip(x,t), 

exactly as in the calculation for Euclidean space. (Also see Corollary|^ below.) □ 

An example of how this result may be applied is the following local Harnack 
inequality, which follows directly from (|4.1U|I . 

Remark 14. Assume the hypotheses of Corollaru M^ hold. If R >0 on Ej.-^, then 
R{x,t)>\ ( [iWil"^ + Rilj(^r)]Rdtidt+ [ / tp(^r)\Rcf d^dtdr. 

The inequality H4.8|l is sharp in the following sense. 

Corollary 15. Let (Al", g(/;)) be a complete solution of Ricci flow that is smooth 
for < t <t, with Rc > —kg. If equality holds in i4-<^ for ip = 1, then {Er,g{t)) 
is isometric to a shrinking gradient soliton for all r < min{ -^/t/c, 2y^}. 

Proof. From the proof of Theorem [T] it is easy to see that 



d f PiAr) \ ^ /■ i§-t+A + tTgh)v 

dr\ r" / r"+i 



d/i dt 



for almost all r < min{y/t/c, 2ypK\. Therefore, equality in H4.8|l implies that w is a 
distributional solution of the parabolic equation 

(|- - A + i?)i; = 

in for almost all small r. By parabolic regularity, v is actually smooth. This 
implies that one has equality in the chain of inequalities 

„ _ I + « - I: < = -(-« + I: - \r-'i^K) ^1^<.M^'l^ 

that follow from equations (7.13), (7.5), and (7.10) of [5T]. Hence one has 

u := T{2At - I V^p +R)+l-n = Q. 
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By equation (9.1) of [2] (where the roles of u and v are reversed), this imphes that 

d 1 

= (— - A + RMuv) = -2t| Re - —g\^v. 

This is possible only if {Er,g(t)) has the structure of a shrinking gradient soliton 
with potential function £. □ 

Remark 16. For applications of Corollarv \lf)l to regularity theorems for Ricci flow, 
see |27j by the third author. 

4.2. Comparing global and local quantities. Corollaries 1131 and 1151 suggest a 
natural question: how does the purely local monotone quantity -Pi,t,(r)/r" compare 
to Perelman's global monotone quantity V{t) = Jj^^vdii? A path to a partial 
answer begins with an observation that generalizes Examplellll above . 

Cao, Hamilton, and Ilmanen ^ prove that any complete gradient shrinking 
soliton (A^",g(t)) that exists up to a maximal time T < oo and satisfies certain 
noncoUapsing and curvature decay hypotheses converges as t T to an incomplete 
(possibly empty) metric cone (C,d), which is smooth except at the parabolic vertex 
O. The convergence is smooth except on a compact set (possibly all of A^") that 
vanishes into the vertex.^ Furthermore, they prove that along a sequence {xk,Tk) 
approaching O, a limit io{x,T) := \im£(^^^ .,.^'^{x,T) exists for all x G and 
T{t) > 0. They show that the central density function 

egF(t) :=Vb(<)= lim V(.„.,)(0 

h — ^oo 

of the parabolic vertex O is independent of time and satisfies Q^^{t) = e'', where 
v is the constant entropy of the soliton , g{T)). 

On a compact soliton, there is a pointwise version of the Cao-Hamilton-Ilmanen 
result, due to Bennett Chow and the third author: 

Lemma 17. // (A4", (/(r)) is a compact shrinking (necessarily gradient) soliton, 
then the limit io^x^r) exists for all x G Al" and T{t) > 0. This limit agrees up to 
a constant with the soliton potential function f{x, r). 

See 0] for a proof. 

Recall that the entropy of a compact Riemannian manifold {Ai'^,g) is 
HM\g) :=inf |>V(5,/,t) :/GCo°°, r > 0, J^j47rT)-"/'e-f dfi ^ 1^ 
where 

(4.11) W {g, f,T):= f [t(| V/|2 + R) + f - n] (^i^ry^l^e-i dp.. 

(Compare to Example 1211^ Under the coupled system 

(4.12a) ^g^_2Rc 

(4.12b) (_ + A)/^|v/|2-i?+_ 

dr 

(4.12c) - = -1, 



^See 111! for examples where {C,d) = lim^\^Q(A4", ^(t)) is nonempty. 
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the functional W{g(t), f{t),T{t)) is monotone increasing in time and is constant 
precisely on a compact shrinking gradient soliton with potential function /, where 
(after possible normalization) one has 



(4.13) 



Rc+VV/-— g = 0. 



Here and in the remainder of this section, the symbol = denotes an identity that 
holds on a shrinking gradient soliton. 

We are now ready to answer the question we posed above regarding the relation- 
ship between Pi,t,(r)/r" and V{t). (Compare to Exampled) 

Corollary 18. Let (M" , g{t)) be a compact shrinking Ricci soliton that vanishes 
into a parabolic vertex O at time T. Then for all t < T and r > 0, one has 



e^'it) :=T/o(0 = 



wh' 



ere Pi,,{r) = ^JjV^p + R{nlog 



1 47rr 



£)] d[i,dt is computed with (, — Iq. 



Proof. It will be easiest to regard everything as a function of T{t) := T — t > 0. 
Because {Ai" , g{T)) is a compact shrinking soliton, there exist a time-independent 
metric g and function / on Ai" such that Rc(g) -I- VV/ — = 0. The solution 
of Ricci flow is then g{T) — T^*(g), where {^^}^>o is a one-parameter family of 
diffeomorphisms such that — id and -^^rix) = — r^^ gradg/(x). The soliton 
potential function satisfies f{x,T) = ^*f{x) and f^ — — |V/|^. (Notice that (|4.13() 
implies that system (|4.12ll holds.) 

Let ^E* — (47rr)^"/^e^^'^^^'^\ where I is the reduced distance from the parabolic 
vertex O. By Lemma [T7I £ = f + C. So Assumptions ^ and [3 are clearly satisfied. 
Because 



X"x{t} 



IVI d^l = 0{t''I'^ log(r-"/2)] and 



A1"x{t} 



|Vl^|2d^ = 0(T"/2-l) 



as r \ 0, Assumption 121 is satisfied as well. Because — — LemmaEl 

implies that 

f Ti In 

PiAr)^ {—+f^r + \'^£?)diidt= —dfidt. 
Je,. Je,. ^'t 

(Compare Remark^]) Computing V{t) ~ Vo{t), one finds that 

Vil)-- 



{AT:y''e-'^^-'> d^i{g{l)) 



Volg(i){a; : (4^)""/' e-^'^'^) > z} dz 



|-Vol,(.) : (47rr)-"/2e-^(-i) > 1} 

Jo 2t ' V47rr 



dr 



-El 



2t 



d/i dt 
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But on a shrinking gradient soliton, Pi,i,(r')/r" is independent of r > 0, while 
V{t) is independent of r > 0. Since they agree at r = 1 and t ~ 1, they agree 
everywhere. □ 

Since the reduced distance and reduced volume are invariant under parabolic 
rescaling, similar considerations apply to solutions whose rescaled limits are shrink- 
ing gradient solitons. 

4.3. Localizing forward reduced volume. In ^21 j Feldman, Ilmanen, and the 
third author introduce a forward reduced distance 

Here the infimum is taken over smooth paths 7 from an origin {x, 0) to (x, t). Define 

M(x,t) = (47ri)-"/2g-f+(=«^,t) 

and -0 — logu. In [21], it is proved that — A — < holds in the distributional 
sense if {A4^\g{t)) is a complete solution of Ricci flow with bounded nonnegative 
curvature operator for < t < T. Following the same arguments as in the proof of 
Corollary El then leads to the following result for 




— £+)](pdij, dt. 



Corollary 19. Let (M'^ , g(t)) be a complete solution of Ricci flow with bounded 
nonnegative curvature operator for < t < T . Let ip be any smooth nonnegative 
function. Then whenever < tq < ri < V AnT, one has 

(4.14) ^-^< ["-krf W + nl„gr),|:+A^)<iM<*. 

In direct analogy with Corollary ^1 one also has the following. 

Corollary 20. Let [M."^ ^g{t)) be a complete solution of Ricci flow with bounded 
nonnegative curvature operator for Q <t<T. If equality holds in j^.i^l ) with tp = 1, 
then {Er,g{t)) is isometric to an expanding gradient soliton for all r < VAttT. 



5. Average energy for Ricci flow 

Again assume g{t)) is a smooth complete solution of Ricci flow for t E [0, fj. 

Let ^ denote a fundamental solution to the conjugate heat equation 

(5.1) (| + A-i?)* = 

centered at {x,t). The traditional notation in this case is 'J = e^^, i.e. / :— —ip. 
Perelman has discovered that the average energy 

Ht)^ [ {Af + R)e-fdfi= f {\Wf\^ + R)e-Ufi 

JM^x{t} JM"x{t} 

is a monotonically (weakly) increasing function of t. Our result in this situation 
gives a quantity which is not just monotonic, but constant in its parameter. 
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Corollary 21. Suppose that {M^^g{t)) is a smooth, compact solution of Ricci 
flow for t Cz [0,t\, with t < oo. Suppose further that ^ : Al" x [0,f| — > (0, cxd) is a 
fundamental solution of with singularity at {x,t). Define f — log^*. 

Then for all f below some threshold value, we have 



i 



{Af + R)e~f d^idt = 1, 

'{/</} 
where 

{/ < /} := {{x.t) e X [a, 6) : f{x,t) < /}. 

Proof. The arguments in Sectional (below) verify that the hypotheses of Lemma 
are satisfied. Since 



one then has 



-Pi.*(r) = / {-A^j + R)dpLdt^ / {Af + R)d^idt. 

J Er J Er 

At this point, we change variables from r to f :— nlogr. We then get 

/ iAf + R)e'fd^,dt, 
^ J{f<f} 

whence the conclusion follows from Corollary El in Section El □ 

6. MEAN-VALUE theorems for HEAT KERNELS 

In this section, we apply Theorem[71to heat kernels of evolving Riemannian mani- 
folds, especially those evolving by Ricci flow, with stationary (i.e. time-independent) 
manifolds appearing as an interesting special case. 

Let {A4"', g{t)) be a smooth family of Riemannian manifolds evolving by 
for t € [0,t\. We will again abuse notation by regarding certain evolving quantities, 
where convenient, as functions of a; e A^" and T{t) := t — t. 

A smooth function : (A^" x [0, t|)\(a;, 0) R+ is called a fundamental solution 
of the conjugate heat equation 

(6.1) (^ - A - trg/i)* = 

with singularity at (a;,0) if 5* satisfies H6.1|l at all {x,t) g x {0,t\, with 

limT-\,o ^'(■, "J") = Sx in the sense of distributions. We call a minimal fundamen- 
tal solution of H6.1|l a heat kernel. 

For any smooth family {M'^ , g{t)) of complete Riemannian manifolds, it is well 
known that a heat kernel '5 always exists and is unique. Moreover, ^E" is bounded 
outside any compact space-time set containing {x, 0) in its interior.^ If 5" is the 
conjugate heat kernel for (Al", g(i)), then H2.4|l takes the form 

Pv,^ir)= [ [\V\og^^ -logir''^){tTgh)]ipdtidt. 

J E^ 

It is clear that Assumptions ^ f^nd |21 are always satisfied. In particular, Ef is 
compact for f > sufficiently small. We shall prove that Assumption 13 is also valid 
for such f. For this, we need a purely local observation about ^ near [x, 0). 

''There are several standard constructions, all of which utilize local properties that the manifold 
inherits from R". See the fine survey |16| and references therein. 
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Lemma 22. Fort e [0,f|, let {f\f"',g(t)) be a smooth family of (possibly incomplete) 
Riemannian manifolds. Suppose that 5* is any fundamental solution of l^ff.l]) with 
singularity at (x,0). For any e > 0, there exist a precompact neighborhood S of x, 
a time f £ (0, i], and a smooth function $ : S x [0, f ] ^ R+ with ^{x, 0) = 1 such 
that for all {x,t) G (S x [0, f])\(x, 0), one has 



(6.2) 



1 / d fs{x,x) 

n-,r)-^x,r)- j^-^ exp f - 



< e. 



Proof. One begins with Garofalo and LanconeUi's asymptotics 15, Theorem 2.1] 
for a fundamental solution with respect to a Riemannian metric on M" which is 
Euclidean outside of an arbitrarily large compact neighborhood of the origin. The 
first step is a straightforward adaptation of their proof to the case h ^ 0. The second 
step is to glue a large ball centered at a; S A/"" into Euclidean space, obtaining a 
manifold (M", ^(i)) which is identical to {Af"',g{t)) on a large neighborhood of a; and 
to which the refined asymptotics apply. The difference of the fundamental solutions 
and ^E* for (A/'",g(i)) and {M.",g{t)), respectively, starts at zero as a distribution. 
By the comparison principle, it stays uniformly small for a short time. □ 

We now consider Assumption O Let f > be given. Apply Lemma [52 with 
s — f^"/2. By shrinking S and f if necessary, we may assume without loss of 
generality that 1/2 < <i> < 2 in S x [0,f]. Because ^'(•,t) ^ as r \ 0, we 
may also assume f > is small enough that Ef{T) C 2 for all r S (0,t], where 
Eflr) Ef n (A^" x {r}). Then in Ure(o,r] ^fir), one has 

1 ( dl^r)ix,x) \ ^ ^{x,T)-e ^ 1 

(Attt)"/^ At J- $(x,t) -4f"' 

which imphes that d'^^^-^{x, •) < 4t[2^ log i + log4— ^ log(47r)+logf"] there. Reduce 
T > if necessary so that f < 4(«-2)/«7rf-2. Then one has 

(6.4) 4^)(5,.)<4nTlogi 

in -Ef (r) for all r e (0, f]. Since ^' > f^" = 2e in Ef, one also has 

(6-5) ^ < * - e < < 



2 - - (47rT)"/2 - (47rT)"/2' 

If necessary, reduce f > further so r < and f < 4("-2)/n^ rj,^^^ ^ j^^^ 
satisfies 

< n log — 

T 

in Ef (r) for all r G (0, f]. By (|6.4(l . this proves that limrxo Ie-{t) 1^1 '^'^ ~ '^^ 

If r < f^, then * < f"" < f""/^ outside Ef. So by H6.5|) . there exists c = c(n) 
such that *(-,t) < e'=T-"/2 fo^. r G (0,f]. By JHilll, ^^^(t) C Bg(^)(x,p) for 
p := \Jhnle. Since > f"" in ii^f, Theorem 1101 yields C independent of x and r 
in lJo<T<r ^s(t) such that for any r G (0, f], one has 

(6.6) IWP < (-+C)(l + c + 7^1ogf-5log^)2 

in Ef n (Al" X [t/2, t]). If f > is small enough that E'f is compact, this estimate 
and H6.4|l prove that /g_ ^i^iS^ d\idt < oo, which establishes Assumption |3| 
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Remark 23. Assumption\^ is valid for all r > in any manifold {M" , g{t))t<^t 
for which the kernel 'J vanishes at infinity in space-time, i. e. if for every e > 0, 
there exists a compact set K C Al" x (— cx),t] such that '5 < e outside K. 

Our main result in this section is the following consequence of Theorem |7| The 
reader is invited to compare it with Corollary 1131 fabove) for Perelman's reduced 
volume density. Recall that ■0(r) '■= log(r"^'). 

Corollary 24. Suppose that {Ai" , g{t)) is a smooth family of complete Riemannian 
manifolds evolving by if7T7)j for t e [0,t\. Let : x [0,t])\(S,0) ^ R+ he the 

kernel of the conjugate heat equation J^6.1]) with singularity at (x,t) — (a;,0). Let Lp 
he any smooth function of {x,t). Then there is f > such that if < ro < ri < f , 
then 



'1 '0 

Furthermore, one has 



^ Ie '^'ir)(-^-^'P)^d^idtdr. 



an 



d thus 



Lp(x, t) — lim 

r\,o r" 

^ix,t) = + J^^ ^(.)(^ - A^)] d.dtdr. 

Proof. Now that we have verified AssumptionsmSl everything follows directly from 
Theorem 13 except for the representation formula (p{x,t) = \im.r\^o[P^^^(r)/r"], 
which we will prove by a blow-up argument. Without loss of generality, we may 
assume that (p{x,t) = 1. Here is the set-up. Identify R" with T^A^", and let 
y G Ai" denote the image of y G under the exponential map expg(-) for g at 
T — 0. For r > 0, define ip^{y,T) := Lp{ry,r'^T), '^^{y,T) :— r^'i^{ry,r'^T), and 
^rO(y,r) := (47rT)""/2e-|ji'lV4r^ Lgi- dif{-,T) denote the puUback of r-''dn{-,r^T) 
under the map y exp^{ry). For S > 0, consider the 'truncations' defined by 

El -.^ErHiM" X {Sr\t]), 

El {(y,T) : r > J and *'-(y,r) > 1}, 

E'o :={(y,T) :T><5and ^°iy,T) > 1}, 

P^:^ I [|Vlog^|2-(tr3/i)log(r"*)](^d^dr 

Po' := / |Vlog*°|2dydT. 

The proof consists of two claims, which together imply the result. 

The first claim is that if < J < 1, then hm^x^oiP* /^"] = • PuUing back, 
one computes = r" /^4|V log ^'''p - r'^{tT:gh)\QgW]tf-' dpT dr. By Lemma 

— > as r \ uniformly on any CC M" x [5,t\. By parabolic regularity, 
x{El) x(£^o) in L^{W^) as r \ 0. Since d^'' dy and ip{x,t) = 1, the claim 
follows. 

The second claim is that for any 77 > 0, there exists some 5 E (0, 1/100) such that 
< [Ptp,*(r) - P/]/r" < T] for aU small r > 0. By Lemma 1^ if r < 1 is so small 

that 1/2 < $ < 2 in £;^n (S X [0,f]), then (47rT)-"/2 exp (^-dl^^~^{x,x)/4:T^ > 
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there. (Compare (|6.3|) .) Fm-thermore, d^|.^^(a;,-) < 4t(2. log ^ +log4) < 4Tnlog^ 
in Er\E^, since ^ > 4. Because r < 1 in i?^ for all small r > 0, Theorem IIUI gives 
C such that iVlog^-p < £(log2^)2 in Er\E^. (Here we used r"" < < e'=T-"/2; 
compare (16.61) .) Therefore, 



J I V log d/x < C" ^ ' r"^ (^log ' dr < C"r"(5"/2 j^bg 1^ 

The second claim, hence the theorem, follows readily. □ 

Remark 25. In the special case that L{-,t) is a divergence-form, uniformly elliptic 
operator on Euclidean space M" and 5" is the kernel of its adjoint L* , the results of 
Corollary \2Ji\ appear in Theorems 1 and 2] for ip solving (^ — L)ip = 0, and in 
|14[ Theorem 1.5] for arbitrary smooth (p. 

We conclude this section with two results for the special case of the conjugate 
heat kernel ^E* of a fixed Riemannian manifold (A^", g). 

Our first observation is that one can adapt the argument of to obtain a 
mean- value representation theorem in terms of an integral on 'heat spheres'. This 
approach is naturally related to the interpretation of equation 1)1.4(1 as a space-time 
Green's formula. To give the argument, we introduce some additional notation. 
Consider the space-time manifold M'^'^^ ~ Al" x K equipped with the metric 
g{x, t) — g(x)+dt'^, where t is the global M-coordinate. Applying Green's formula to 
a bounded space-time domain D in with the vector field — ^'V(p+(/3V^, 

we get 

(6.7) A^)^d^,dt - - A^)* + ^(^ + An dtidt 

f d 
= / divg(v3*— - ^'Vi/J + (ysV*) d/idt 
Jd c/i 



dD 



d 

— vi/Vc9 + csV*, i> ) dA, 
at ' 



a 

where is the unit outward normal and dA the area element of dD, both taken 
with respect to g. For s > 0, we follow JOI in defining 

= {(x,t) (zEr:T>s} 

and two portions of its space-time boundary, 

= {(a;,r) :* = r-", r>s} and = {{x,t) : t ^ s). 



Applying 1)6. 7(1 to yields 

= ^ {^-^p)^d^Jidt 



Jp, 
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Letting s \ 0, we obtain 

ip{x, 0) = lim / ip'^ dfj, 



Summing together and noticing that ~ dE^., we get the following mean- value 
theorem, which is naturally related to Corollary 1241 by the coarea formula. 

Theorem 26. Let {M^^,g) be a complete fixed manifold. Let ^ denote the conju- 
gate heat kernel with singularity at (x, r) = (x, 0). Lf a smooth function ip of {x, t) 
solves the heat equation, then 

For the ^-regularity theorems for Ricci flow derived by the third author |27j . 
we need a mean- value inequality for nonnegative supersolutions. For this pur- 
pose, assume that the Ricci curvature of (A^",(?) satisfies Rc > {n ~ l)kg for 
some k £ {— f,0,f}. Let {M'^,g) denote the simply connected space form of 
constant sectional curvature k, and let 'i'k denote its conjugate heat kernel cen- 
tered at i G M^- Then there exists ■ [0, oo) x (0,oo) — > (0, oo) such that 
^'fc(a;,r) = ^k{dk{x,x),T), where dk denotes the distance function of {M^,g). 

Fix an origin {x,f) G A4^ x R. Again let r := t — t, and let ^I^ denote the 
transplant of to {M"',g), i.e. 

(6.8) ^ix,T) ■.^^k{dg{x,x),T). 

As above, let = log(r"5') and Er = {{x,t) e M" x M : ■(/j(r)(x,r) > 0}. Define 

(6.9) j(S'0)(r) — / \V \og^\^ dfidt. 

Then the following mean- value inequality follows from Theorem 

Corollary 27. Let {A4^,g) be a complete Riemannian manifold such that Rc > 

n — l)kg for some k € {—1,0, 1}. Let ^' be defined by <6'. and let if > be any 

a_ 

at 



smooth supersolution of the heat equation, i.e. {-Sr — A)tp > 0. Then 



v{x,t) >\ I \w\og^'' pd^idt. 

f J Er 



In particular, /(^'0)(r) < 1 holds for all r > 0, and ^/'-^''^'(r) < holds in the 
sense of distributions. 

If equality holds for if = 1, then the largest metric ball in Er is isometric to the 
corresponding ball in the simply- connected space form of constant sectional curva- 
ture k. 

Proof. The inequalities follow from Theorem |7| by the results of Cheeger-Yau |3j 
that (^ — A)^{x,t) < and ^{x,t) > \E'(x,t), where ^' is the conjugate heat 
kernel of {M'^,g). The imphcation of equality is a consequence of the rigidity 
derived from equality in the Bishop volume comparison theorem. (See |21-) □ 
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7. Appendix: simple estimates for reduced geometry 

For the convenience of the reader, we provide certain elementary estimates in- 
volving reduced geometry in a form adapted to this paper. The reader should note 
that most of the estimates solely for reduced distance are essentially contained in 
Ye's notes j^Sj: though not always in the form stated here. (Also see 0.) 

Notation. Assume that (7(r)) is a smooth one-parameter family of complete 

(possibly noncompact) manifolds satisfying -^g = 2Rc for < r < f. Unless 
otherwise noted, all Riemannian quantities are measured with respect to g{T). All 
quantities in reduced geometry are calculated with respect to a fixed origin O — 
{x,0). We denote the metric distance from x to y with respect to g^r) by drix^y) 
and write dr{x) = dr{x, x). We define Bt{x, r) = {y € A4" : dr{x, y) < r) and write 
Brir) = BT{x,r). Perelman's space-time action £, reduced distance i, and reduced 
volume density v are defined above in 14.1|l . H4.2() . and (|4.3|l . respectively. We will 
also use the space-time distance L{x,t) := inf{£(7) ; 7(0) — (5,0), 7(t) = (a;,r)}. 

7.1. Bounds for reduced distance. Given fc > and -ftT > 0, define 

(7.1) ^(^,^)^e-^^^^-^r 
and 

(7.2) ^(^,^)=e2^^^ + ^T. 
Our first observation directly follows Ye |38|. 

Lemma 28. The reduced distance £{x, t) has the following properties. 

(1) // there is k > such that Rc > —kg on x [0, f], then £{x, t) > £{x, r). 

(2) // there is K > such that Rc < Kg on M" x [0, f], then tlx, r) < £(a;, r). 

Proof. 

(1) Observe that ^(r) > e^^'^'^g{0). By ()4.1|l . the £-action of an arbitrary path 
7 from (x, 0) to {x, r) is 







2'rf, 



> ie-2fc- [ ^\^\lds-2nk I \^ds 
2 Jo ds Jq 

2V^ 3 ■ 

Since 7 was arbitrary, one has £{x, r) — inf^ -^(7) > £{x, t). 

(2) Observe that g{T) < e^^'^g{0). Let /3 be a path from (a;,0) to {x,t) that is 
minimal and of constant speed with respect to 5(0). Then as above. 



Hence £ix,T) < i^C{l3) < £{x,t) 



□ 
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Remark 29. If Rc > —kg on Al" x [0,t], it follows from Part (1) of Lemma\^ 

(by standard arguments) that minimizing C-geodesics exist and are smooth. 

7.2. Bounds for reduced-volume heatballs. Recall that the reduced-volume 
density is v{x,t) — (47rr)~"/^e"^^^''^''. For r > 0, define the reduced-volume heat- 
ball 



r 



(7.3) Er = {{x, t) e X (0, f] : v{x, r) > r""} 

(7.4) = {(a;,r) e X (0,f] : £(a;,T) < nlog- 

V47rr 

and define c(fc,f) by 



g4/cf/3 



^'■'^ ' 4. 

Given r > 0, fc > 0, t > 0, define 



(7.6) p{r,k,T) = e'="J(2nTlog-^ + ^nkT^)+. 

V 47rr 3 

Note that p(r, 0,r) agrees with Rrir) in |^. It is easy to see that for each r > 
and fc > 0, one has p{r, fc, t) > for all sufficiently small r > 0. 

Remark 30. //Rc > —kg on Ai" x [0,f], then Part (1) of Lemma\^ implies that 
(x,t) £ onZy if X E BQ{p{r,k,T)). 

Lemma 31. Assume that < r^ < min{f/c, An}. If cr^ < t < f, then p{r, t) = 0. 
Proof. When t = cr^, one has 

k 1 , fcf 1 , 1 kf 

-T + - log < h - log = < 0, 

3 2 ^ 47rT - 3 2 ^ 47rc 3 " ' 

while for cr^ < t < f, one has 

d ,k ^ 1 , r^ , 2k 1 , 1 

— (— r H — rlog ) — — T H — log 

dri 2 ^ A-kt' 3 2 ^47rT 2 

2fc 1 , 1 1 1 

< — f+ - log < — . 

- 3 2 47rc 2-2 

□ 

Corollary 32. Assume that Rc > —kg on A^" x [0, f] for some fc > and that 
< < min{T/c, 47r}. Then 

ErQ U Bo{pir,k,T))x{T}. 

0<r <cr^ 

7.3. Gradient estimates for reduced distance. Local gradient estimates for 
curvatures evolving by Ricci fiow originated in 32, §7]. Recall the following version. 

Proposition 33 (Hamilton [l^l §13]). Suppose g{T) solves backward Ricci flow 
for < T < Ti on an open set hi of with Bt^{x^2X) C hi. There exists Cn 
depending only on n such that if \ Rm \ < M on hi x [tq, ti], then 



|V Rm I < CnMJ^ + + M 

V A-^ Ti — T 

on Br^{x,X) X [To,ri). 

If there is a global bound on curvature, the situation is quite simple: 
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Remark 34. // | Rm | < M on A^" x [0,t], then for every t* < t there exists 
A = A{n,M,T*) such that |Vi?| < A on M" x [0,r*]. 

More generally, the following 'localization lemma' often provides adequate local 
bounds. 

Lemma 35. Assume Rc > —kg on Al" x [0,-f]. Then for every A > and 
T* e (0,f), there exists A* such that the image of any minimizing C-geodesic from 
(i, 0) to any {x,t) G Bq(X) x (0,t*] is contained in Bo{X*). Furthermore, there 
exist constants C, C such that Rc < Cg and |Vi?| < C" on Bo{X*) x [0, r*]. 

Proof. By smoothness, there exists K such that Rc < Kg on Bq{X) x [0;r*]. Ap- 
plying Part (2) of Lemma I2H1 along radial geodesies from x shows that 

sup [r£(,,r)]<e2^^'^ + ^(r*f. 

(a;,T)GSo(A)x[0,T*] ^ •J 

Define 



A* = 2e''^' \je^K^*^ + ^(fc + )(t*)2. 

Let (x,t) G Bq{X) X (0,r*] be arbitrary and let 7 be any minimizing £-geodesic 
from (x, 0) to (a;, r). Then for every a € [0, r], one obtains 



rfo(7(^)) < 2e'=^^T^(x,T) + < A* 

by following the proof of Part (1) of Lemma |2H1 This proves that the image of 7 is 
contained in _Bo(A*). 

Now define r' — t* + \{f~T*) and choose A' large enough that i3o(-^*) Q Br'[X'). 
By smoothness, there exists M such that | Rm | < M on _B.r'(3A') x [0,r']. So by 
Proposition 03 there exists C" such that |Vi?| < C on Br'{X') x [0, r*]. Clearly, 
Rc < Cg on B^'(A') x [0,t*] as well. □ 

Lemma 36. Assume that there exists an open set lA C A^" and < tq < ti < f 
such that |Vi?| < A on U x [tq,ti\. Let 7 : [0,ri] — > W 6e an C-geodesic and let 
r(To) = limT-\^.ro(V7'li7l)j which is well defined for all Tq > 0. 

(1) //Rc > —kg on U X [tq,ti], then for all t G [ro,ri], one has 



.dl,^ 1 



' dr ' - 2Vr 



(fc > 0) 



< ^ [2r(To) + AV^(t - ro)] (fc = 0) 

(2) //Rc < Kg on U X [tq, ti], then for all r G [tq, ti], one has 

[K > 0) 



1^1 >^ 
' dr ' - 277 



> ^ [2r(ro) + AV^(to - r)] (if = 0). 

Proof. It will be more convenient to regard 7 as a function of s = ^/t. Let 7 = ^ 
and y = ^ — 2s7. The Euler-Lagrange equation satisfied by 7 is 

V^7= iv/?-2Rc(7)-^t 
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In terms of s, this becomes 

= 2s2Vi?- 4sRc(7'), 
which is nonsingular at s = 0. The computation 

= 4s2 (Vi?,7') -4sRc(7',7') 
shows that |7'| satisfies the differential inequahties 

(7.7) ^lYI <2fcs|7'| + 2As2 

as 

and 

(7.8) ^\y\>-2Ks\-f'\-2As\ 

as 



Let So = ^'^^ ^ Define 



?(^)=(l7'(.o)l + ^)e^^^^-^o)_^ 



and 



replacing these by their limits if either fc or if is zero. Note that '(/'(so) = |7'(so)| — 
tp{so). It is readily verified that -0 is a supersohition of (|7.7|) and that -0 is a 
subsolution of (|7.8|l . So one has ?A(s) < |^| < 0(5) for so < s < si, as claimed. □ 

Corollary 37. Assume that Rc > —kg on A4" x [0, f]. Then for any A > and 

T* £ (0, f j, there exist positive constants rj and C such that for any minimizing 
C-geodesic 7 from (x,0) to {x,t) G -Bo(A) x (0, r*], one /las 



mm 



[o,t] \ (i(T / [o,t] \ da 
Furthermore, for all a G (0,r], one has 



|^|2<1 



^(7(T),r) +6*2 rifc 



Proof. By Lemma ISSl there exists a neighborhood W containing the image of 7 such 
that Rc < Kg and |Vi?| < A in x [0, r*]. Using this, the first statement is easy 
to verify. 

To prove the second statement, let x = 7(t), so that L{x, r) — C{j). Then as in 
Lemma EHl one has 

L(.,.) + M.3/2^ /Vl^Prf. 

3 Jo da 
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for any f G (0,r]. Let Tp — minjo^rllv^lljl) and \1/ = niax[Q Then for 

any S £ (0, f) one has 

o 



Consequently, one obtains 

(7.9) r V^\^\^da<4. 

JfS da -q^T 

whence the second statement fohows. □ 

Lemma 38. Assume Rc > —kg on A^" x [0,f]. Let A > and t* < f he given. 

(1) There exists C such that for all x G Bf){\) and r G (0, t*\, one has 

\L{x, T±5)- L{x, t)\ < + V^)6 

whenever 5 G (0, r/3) and r ± 5 G [0, r*] . 

(2) There exists C such that for all x G Bt^{\) and t G (0, t*], one has 

\L{x, T±5)- L{x, r)| < C ( - + ^ 

whenever d G (0, t/3) and r ± (5 G [0, r*] . 

Proof. Let a be a minimizing £-geodesic from (0,x) to {x,t). By Lemma |35l we 
may assume that Rc < Kg and |Vi?| < A inU x [0, r*], where W is a neighborhood 
of the image of a. 

To bound L at a later time in terms of L at an earlier time, let /3 denote the 
constant path P{a) = x for t < a < t + 5. Because a is minimizing and C is 
additive, one has L{x,t) — C{a) and L{x,t + 6) < £(a) + £(/?). Hence there exists 
Cn depending only on n such that 

L{x,T + S)- L{x,t) < C{P) ^ J ^Rda <[Cnik + K)^]S. 

To bound L at an earlier time in terms of L at a later time, define a path 7 from 
(x, 0) to {x, T — S) by 

^{a)^a{a) < a < t - 26 

7(cr) = a(2cr- (r- 2(5)) T-2S<a<T-S. 
Observe that the image of 7 lies in U and that 

£(7) < £(a) - [ V^R{a{a)) da 

+ ^ r ^ V^\^\^da+ r ^ ^R{-i{a))da 
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By Part (1) of Lemma li^ there exists C" such that < C /t for ct > r - 2(5 > 

r/3. Since C{a) = L{x,t), it follows that 



L{x, T - (5) - L{x, t) < £(7) - C{a) < C„ 



+ {k + K)^ 



This proves the first statement. 



To prove the second statement, use (|7.9|l to estimate /JLj^a V^I^^P '-' 



Lemma 39. // Rc > —kg on x [0, t], then £ : A^" x (0, t) is locally Lipschitz. 

(1) For any A > and t* < f , there exists C such that 

K. + f |<C(i + l) 
Zt t 

everywhere in Bo{X) and almost everywhere in (0, r*], and such that 

<C{- + 1) 

T 

everywhere in (0,t*] and almost everywhere in Bq{X). 

(2) There exists C such that 

l^l<c(i±i + i) 

everywhere in and almost everywhere in (0, r*], and such that 

everywhere in (0,t*] and almost everywhere in A^". 

Proof. We again apply Lemma to get bounds Rc < Kg and |Vi?| < A on 
Bo{2X*) X [0, T*], where So (A*) is a neighborhood of any minimizing geodesic from 
(x,0) to a point {x,t) S Bo{X) x (0, t*]. 

Wherever it is smooth, £ satisfies £t + ^ = Thus local Lipschitz 

continuity in time and the estimates for £t follow directly from Lemma 1381 and 
Rademacher's Theorem. 

To show local Lipschitz continuity in space, let x,y ^ Bo{X) and r G (0,t*] be 
given. We may assume that dr{x,y) £ (0, r/3). Let a be a minimizing £-geodesic 
from (x,0) to {x,t) and let /? be a unit-speed (7(r)-geodesic from x to y. Let 
5 — dr(x, y) and define a path 7 from (x, 0) to (y, t) by 

7(ct) = a(cr) {)<a<T~25 

7(ct) = a(2(7 - (t - 2(5)) T-25<a<T-5 

-f{a) = /3(ct - (r - 5)) r - (5 < cr < T. 
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Observe that the image of 7 belongs to i?o(2A*). Exactly as in the proof of 
Lemma OHl one finds there exist Cn and C such that 



£(7) < C{a) - 



T-2S 



^/aR{a{a)) da 



T-2S da 



^\f?da- 
T-S da 



T-25 



V^i?(7(cr))dCT 



< C{a) + C„ 



\ T 



K 



r,kr' 



Since a is minimizing, this implies that 

i(y,T) - L{x,t) < + V^)dr{x,y). 

Reversing the roles of x and y gives the same inequality for L{x,t) — L{y,T). The 
first gradient estimate then follows by Rademacher's Theorem. 

To prove the second gradient estimate, observe that local Lipschitz continuity of 
L implies that the £-geodesic cut locus is a set of measure zero. If (x, r) is not in the 
cut locus, then the first variation formula ~ST, (7.1)] implies that Vi(x, t) — 
The second gradient formula now follows from Corollarv l37l □ 

7.4. Integration over reduced-volume heatballs. If v is the reduced-volume 
density and ip : A^" x (0,f) ^ M is a given function, then the function Pip^v{f) 
defined in (|2.4|1 may be written as 



Fip dfj, dt, 



where 



F= |V£p + i?(r3log- 



' 47rT 



Lemma 40. Assume that Rc > —kg on A^" x [0,t]. Then for any t* e (0,r), 
there exists C independent of ip such that 



\P 



01 



< C sup 1^1 

A1"x(0,cr2) 

whenever < r'^ < min{T*/c, 47r}, where c — e^^'^/^ /{An). 
Proof. For < r < r*. Part (2) of Lemma implies that 

T 

almost everywhere in a precompact neighborhood U of x. Here and in the rest of 
the proof, C,C',C" denote positive constants that may change from line to line. 
By Corollary 1221 we may assume that U x [0,r*] contains Er for all r > under 
consideration. Lemma |28I implies that 

^2 J. 

almost everywhere in U. Let A = e^''"^p(r, fc, T)/(2y^), where p{r,k,T) is defined 



|V^P < C- 



by l|7.6|l . Together, Lemmata 1281 and 13 II show that 



< 71 log ■ 



"\2 - C"^ 



^=-£< -A^ < -(1 
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everywhere in Er . Hence 

\F\ < + n{k + K){n\og^=-e) <C^^ + — 

V47rT T 

almost everywhere in E^. Since the volume forms dfi{T) are all comparable on 
So(CA) X [0,T*], it follows from the definition ||721l of p{r,k,T) = 2^/^e^^\ that 



/ \F\d^l<c'^ + c"— 

Jbo{CX) T 

„2 



< c 



r" + rt-i(log-^)-+i 
47rT 



C" 



r"-i +Tt-i(log-^)t 
47rr 



For r > and n > 2, the substitution z = r/r^ shows that 
Jo 47rr Jo 47rz 



Hence by Corollary one has 



f \F\dfidt< f I [ \F\dii \ dT<C'r'^' 

Er. Jo \Jbo{C'X) J 



whenever < < minjr/c, 47r}. The result follows. □ 
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